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t^ - | Abstract 

The standard formulation of the AdS/CFT correspondence is incomplete since it re- 
\^ . quires adding to a supergravity action some a priori unknown boundary terms. We suggest 

a modification of the correspondence principle based on the Hamiltonian formulation of 
the supergravity action, which does not require any boundary terms. Then all the bound- 
ary terms of the standard formulation naturally appear by passing from the Hamiltonian 
version to the Lagrangian one. As examples the graviton part of the supergravity action 
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on the product of AdSd+i with a compact Einstein manifold £ and fermions on AdSd+i are 
considered. We also discuss conformal transformations of gravity fields on the boundary 
of AdS and show that they are induced by the isometries of AdS. 

1 Introduction 

According to a recent conjecture by Maldacena |L| the large N limit of certain conformal field 
theories in d dimensions can be governed by supergravity on the product of d + 1-dimensional 
anti de Sitter space AdSd+i with a compact manifold £. This conjecture was further elaborated 
by Gubser, Klebanov and Polyakov || and Witten , who proposed to identify the generating 
functional of the connected Green functions in a d- dimensional conformal field theory with 
the minimum of the supergravity action subject to certain conditions imposed on supergravity 
fields at the boundary of AdSd+i x £ . In f§]-[[[^] the proposal was used to compute some two- 
and three-point correlation functions in Af = 4 SU (N) Yang-Mills theory, which exhibit the 
expected conformal behavior. However, to make the AdS/CFT correspondence complete one 
has to add to the supergravity action some boundary terms. 

The necessity of the boundary terms can be seen as follows. Firstly, to calculate the Green 
functions in field theory one has to introduce the UV regularization, for example, the lattice 
regularization with the lattice step a. Since any regularization violates the conformal invariance, 
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one has to add some counterterms to the field theory action, to restore (if possible) the conformal 
invariance in the limit a — > 0. 

Secondly, recall that the geometry of the AdSd+i space is described by the metric 

ds 2 = —iriijdx 1 dx 1 + dx^), 
x 

where 77^ is the d- dimensional Minkowski metric. The boundary of AdSd+i space is at xq = 
and can be identified with the Minkowski space. The boundary is located at infinite distance 
from any point of AdSd+i- This leads to infrared divergency of the gravity action. To make 
the action finite [] one should cut AdSj+i space off at x = e and consider the part of AdS^+i 
with Xq > e. The minimum of the gravity action is calculated by requiring the gravity fields to 
vanish at Xq = 00 and to take arbitrary values at Xq = e. 

The IR regularization leads to explicit violation of the conformal invariance of the gravity 
action and to restore it in the limit e — > one has to add some boundary terms. In fact, the 
gravity action considered as a functional of the boundary fields is never conformal invariant 



13| . The conformal invariance of the AdSd+i gravity should be understood as the validity of 
the conformal Ward identities for correlation functions^]. It is clear from this discussion that the 
UV regularization and the counterterms of the field theory correspond to the IR regularization 
and the boundary terms of the gravity theory, the UV cutoff a being identified with the IR 
cutoff e. 

Then the standard formulation of the AdS / CFT correspondence |3| asserts that a con- 
nected Green function in the rf-dimensional conformal field theory is equal to 

S S 

lim(£>i(>i) . . . O n {x n )) = lim • • • — — — min S gr {(j) U n ) U(*,* =e)=fc(*) ( L1 ) 

a ^ u 0(pi[Xi) 0(p n [X n ) 

where Oi(xi) are some gauge-invariant operators in the field theory and 4>i{ x i) are t ne gravity 
fields corresponding to Oj(xj). The gravity action S gr (4>i, . . . , <f> n ) is the sum of the bulk action 
and the boundary terms. Note that the boundary terms that depend locally on the boundary 
fields 4>i(x) (i.e. do not depend on do4>i(x)) do not contribute to the Green functions. From 
the viewpoint of the boundary CFT these local boundary terms reflect the usual ambiguity 
in the definition of the T-product. Since the conformal invariant correlation functions are not 
distributions, one can not use the Fourier image of the Green functions in eq . (|1 . 1| ) . Loosely 
speaking, the generating functional of the Green functions coincides with the partition function 
of the supergravity (string) theory. 

It is worth noting that since the boundary terms are in general unknown, the usual formula- 
tion of the AdS/CFT correspondence is incomplete. Nevertheless, it seems possible to formulate 
the AdS / CFT correspondence in a way that does not depend on any unknown boundary terms. 
To this end remind that in quantum mechanics the minimum of an effective action with given 
initial qi n and final qf configurations is proportional to the logarithm of the transition amplitude 
from the initial state |(& n > to the final state \qj >. Note that the effective action one gets from 

1 Strictly speaking, the regularized action is still infinite because of the infinite volume of the boundary. This 
infinity is cured up by adding proper boundary terms. 

2 Recently an attempt EiJ] to present a general proof of conformal invariance of the CFT Green functions 
computed from supergravity on AdS background was made. However, the arguments of |T^| do not take into 
account IR divergencies and rely on inproper transformation laws of boundary fields. 
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the transition amplitude is always of the form / dt(pq — H{p, q)) without any boundary terms 
since the initial and final states are taken in the coordinate representation. Coming back to 
the AdS/CFT correspondence we see that the coordinate xo plays a distinguished role. If we 
introduce a new coordinate t = logxo and interpret t as the time coordinate in AdS, then we 
can postulate that the generating functional of the Green functions coincides with the string 
transition amplitude from the initial state \<f> > to the "vacuum" state |0 >: 

Z((j))= lim < 0|e _i £' H ^ dt \(f) >, 

t 1 — > — oo 

where H str is the string theory Hamiltonian governing the dynamics in the t direction. 

In the classical supergravity limit one recovers the above-mentioned version of the AdS / CFT 
correspondence with the supergravity boundary terms fixed by the Hamiltonian formulation 
of the supergravity action. It means that all the boundary terms naturally appear by passing 
from the Hamiltonian version to the Lagrangian one. In particular, a local boundary term 
appears in the bulk as a total derivative term. From the Hamiltonian point of view such a 
term can be removed by performing a canonical transformation affecting only the momenta. 
However, a choice of momenta is partially fixed by requiring the minimum of the Hamiltonian 
to be achieved at p = = 0. Such a choice of momenta would ensure the vanishing of the 
one-point correlation functions. 

Since supergravity is a constrained system, to obtain its Hamiltonian formulation one has 
to impose some gauge conditions and to eliminate the second-class constraints. The most 
convenient gauges seem to be a generalization of the temporal gauge A = in the Yang-Mills 
theory. In these gauges the gravity action has a residual symmetry with gauge parameters 
that do not depend on t. The residual symmetry leads to conservation laws for currents of 
the boundary field theory. Moreover, on the boundary of AdS the residual gauge group gets 
enhanced and includes, in particular, isometries of the background space. In the paper we 
show that conformal transformations of the supergravity boundary fields are induced by the 
isometries. 

In this paper we demonstrate how the Hamiltonian version of the AdS/CFT correspondence 
permits to determine the supergravity boundary terms that have to be added to the standard 
supergravity action. 

The plan of the paper is as follows. In the second Section we consider a gravity model 
on the AdS x £ background, where £ is an arbitrary Einstein manifold. We show that the 



Hamiltonian formulation correctly predicts the standard boundary term |L5| as well as the 
term proportional to the volume of the boundary suggested in || for the case of the gauged 
supergravity on AdSd+i describing the dynamics of zero modes in AdSd+i x £ compactification. 
There is also an additional term which, however, is a local functional of boundary fields and, 
thereby, does not change the value of the Green functions. The boundary terms discussed 
in the second Section can be equivalently found relying on the conformal invariance of the 
corresponding boundary field theory. Namely, the conformal invariance requires any one-point 
correlation function to vanish, and, therefore, the minimum of the supergravity action extended 
over the AdSd+i x £ background should not have linear dependence on the boundary values of 
the supergravity fields. In this Section we also consider the conformal transformations of the 
boundary graviton induced by the isometries of AdS. 
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In the third Section we discuss fermions on the AdS background and demonstrate that 
the fermion boundary term suggested in |J again follows from the Hamiltonian version of the 
action. We also study conformal transformations of the boundary fermion fields. 

2 Metric dependent boundary terms 

Clearly, the boundary terms depending only on the metric originate from the Einstein-Hilbert 
term 

1=1 d D x^gR, (2.2) 
Jm 

where we choose the gravitational constant equal to one. We consider the theory on a manifold 
with a boundary dM. By using the reparametrization invariance of action Q2.2|) we can describe 
dM at least locally as a hypersurface t = logs = const and choose in the vicinity of dM a 
gauge g tt = 1 and g tp = 0. 

Remind that to study the Hamiltonian formulation it is useful to represent ^/—gR in the 
following form 

^g-R = ^-gg a \Yl d Y d cb - Y^J + d a {^g bc Y a bc - ^g ab Y c bc ). (2.3) 

The last term is a total derivative term and should be omitted in the Hamiltonian formulation. 

Considering a manifold with a boundary one usually adds to ( j2.2| ) the standard boundary 
term that removes all terms linear in second derivatives fll5| : 

I« = 2 [ dP- x Xyf^K. (2.4) 

JdM 

Here K is a trace of the second fundamental form on the boundary and g is the determinant of 
the induced metric. Remind that introducing the normal n a to the boundary, K can be written 
as K = V a n a . In our gauge the induced metric coincides with g^ u , g = g and n a = (— 1, 0, . . . , 0). 
Therefore, 

I« = 2 [ d D - 1 x v ^^=d a ( v ^n a ) = -2 { d D - l xd t (^f=g). (2.5) 

JdM \/—g JdM 

Now one can easily see that integrating the total derivative term in ( |2.3| ) one obtains — /W. 
Thus, adding to (|2.2|) boundary term we get the action that should be used to obtain the 
Hamiltonian formulation. It is worth noting that is not cancelled by the total derivative 
term in (|2.2| ) in an arbitrary gauge. However, the difference is always a local functional of 
boundary fields and, therefore, is irrelevant for computing the Green functions. 
Thus, the action S = I + acquires a form 

S = J m d D x^~g (^d t g^d t g, v + \g^d t g^ x d t g pX + g^(Y* p Y» Xv - Y^ U Y{ P )) ■ (2-6) 
Suppose that a vacuum solution of the Einstein equations defines the following metric 

ds 2 = dt 2 + G^dx^dx" = dt 2 + e - 2t 7 lij dx i dx j + G a pdx a dx p (2.7) 
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on the manifold M = AdSd+i x £ p , where E v is a compact Einstein manifold with the metric 
Gap: R a /3 = vG a fi- Here i,j = 1, . . . , d; a, (3 = 1, . . . , p, D = d + 1 + p and rjij is the metric of 
the d- dimensional Minkowski space. The boundary of M is a hypersurface t = logs = const, 
which can be considered as the product of the Minkowski space with £ p . 

It is convenient to decompose the metric as follows g^ v = G^H^. Then, (|2.6|) reads as 

S = j A ^W^v^(-^-l) + i^^ (2.8) 

- dtHftH- 1 )* + <r (r£ p rt - r^rg) + 2(1 - d) J m d D xd t ^~ g . 

The last term is a total derivative term and should be omitted in passing to the Hamiltonian 
version. From the Lagrangian point of view this total derivative term can be cancelled by 



adding to (|2.8|) the boundary term proportional to the volume of the boundary: 

As was mentioned in the Introduction one should require the minimum of the Hamiltonian 
to be achieved at zero value of coordinates and momenta. The only term that could shift the 
value of momenta is —yJ—gd t H^{H~ 1 )^. Indeed, expanding this term near the background one 
gets 



-d t (V^Gh a a ) - dV^GK + 0{K 



2 \ 



where = 5^ + h 1 ^. The first term in this expansion is a total derivative term linear in h and, 
therefore, shifts the value of momenta. It turns out that from the Lagrangian point of view 
there exists a lot of covariant boundary terms that can compensate this shift. For example, 
one can add to action ( |2.8| ) the following term 

V=fjf(ii), (2.10) 

dM 

where R is the curvature of the metric induced on the boundary. The function f(x) should 
satisfy two conditions: j{yp) = and f'(vp) — 1/u. A possible choice is f(x) = x — -^x 2 . Thus, 
the action that admits a straightforward Hamiltonization and should be used in computation 
of the Green functions has the form 

S= / d D xyf=g~R + 2d n I d D ' 1 x v ^+2(l - d) f d^x^+j d^x^ffR). (2.11) 

JM JdM JdM JdM 

To compare the boundary terms ( [2.11| ) with the ones introduced for the pure AdSd+i gravity 
H one obviously has to perform the dimensional reduction of S to D = d + 1 dimensions. 
Leaving only the graviton modes one gets 

S= / d d+1 Xy/=g~(R+d(d -l)) + 2d n / d d xy^+2(l-d) ( d d xy^+ [ d d Xy/§f(R), 

JM JdM JdM JdM 

(2.12) 

where an overall multiplier being the volume of the sphere is omitted. Here d(d — 1) is the 
cosmological constant needed to ensure the consistency of the reduction. The first two boundary 
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terms are exactly the same as in ||, where they were added to cancel boundary terms that 
are linear in metric perturbation of the action of D = d + 1 dimensional gravity near AdSd+i 
background. Since /(0) = after the reduction and R = on the background the third 
boundary term does not contribute to the first variation of ( |2.12| ). The boundary area counter- 
term is needed just for cancelling the linear terms ensuring thereby the vanishing of one- 
point Green functions. Only the second fundamental form is important for computing the 
higher-point Green functions. The other boundary terms are local and as was discussed in the 
Introduction do not contribute. 

Now we discuss the conformal transformations of the graviton on the boundary induced by 
isometries of AdS. In the sequel it is convenient to deal with the coordinate xq = e* and to 
decompose g a b = G a b + h ab . Denote by £ a a Killing vector of the background metric. Assuming 
G to be stationary under diffeomorphism generated by £ one finds that transformation 

5h ab = Cd c h ab + h ac dbC + hbcdaC (2.13) 

is a rigid symmetry of equations of motion in every order in metric perturbation h ab . Note that 
the Killing vectors of the AdSd+i background can be written as 

= x (A k x k + D), (2.14) 

C = - X ° ~ 6 A 1 + (--{A^ 2 - 2x i A k x k ) + Dx l + A)x j + P' 
2 V 2 

where A l ,D,A l j, P l generate on the boundary special conformal transformations, dilatations, 
Lorentz transformations and shifts respectively. Transformations ( 2.13Q do not respect the 
gauge conditions h 0i = 0: 5h 0i = hijdo£ 3 . However, the gauge can be restored by combining 
(|2.14|) with the transformation 5h a b = V a Xb + V^Xa with x° = and \ l — Xf° zg k ihij(z,x)Ak. 
Now it is easy to find 

5h{ = + h*&z k + h{d t e + ed,K - -en + o iX j + 3%, (2.15) 

Xq 

where h\ = G^ k h ik - 

Note that on the boundary \ % vanish. Clearly, to obtain the induced transformations on the 
boundary one should know the behavior of d§h\ in the limit e —>■ 0. To this end we consider 
the linearized equations of motion following from ( |2.12j ): 

V k V k h ab + V a V b h - V a V e ht - V b V c h c a + 2{h ab - g ab h) = 0. (2.16) 

Eq.( p,16| ) has the standard symmetry Sh a b = V a £& + Vb£ a that allows one to impose the gauge 
conditions h 0a = 0. Below, to simplify the notation, we adopt the convention that the indices 
i,j are raised and lowered by using the Minkowski metric rjij, in particular, □ = rj^didj. In 
this gauge covariant equation ( 2.16 ) written for h\ acquires the form 

dlh\ + Uh\ + ^—^d h{ - —5{doh + ( di&>h - did k h{ - d J d k h} k ) = 0. (2.17) 
x x v " J 

In addition one has two constraints: 

d (d l h-d k h k )=0, (2.18) 

nh+ ^ 1 ~^ d h-d i 9 i K i = Q, (2.19) 
x 3 
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which follow from the equation for ho a - Introduce the transversal part h i 5 of h 



1 1 r) r)i 

hi i ee h{ - -8,8% - -&d k h k + -^d k d m h k m 



(2.20) 



The trace h x of the transversal part satisfies n(h — h A 
Obviously, by using Q2.18|) one gets 



d Q h = doh 1 - + -frdodM = doh 1 - + 8 h. 



Thus, 



8 n h J 



□ 



0, d n h 



X 



d 



-uh A 



(2.21) 



where the last equation follows immediately from eq. (|2.19| ). 
Introduce a traceless transversal part h{ of h\ : 



hi = hi 1 + 



d-1 



' 80 
□ 



6? h 1 . 



[2.22] 



Then with the account of ( 2.21|) eq.( p,17 ) can be written as the following equation on h\: 

1 - d 



d^hj + Uh\ 



-8 n U = 0, 



•i'O 



(2.23) 



which coincides with the equation for a free massless scalar field on the AdS background. The 
Fourier mode solution h{(xQ,k) of eq. fl2.23| ) obeying the boundary condition h\(e,k) = hl(k), 
where hl(k) is an arbitrary transversal tensor, reads as 



hi{x ,k) 



x \ d / 2 K d/2 (x k) 
e ) K d/2 {ek) 



h{(k), 



(2.24) 



where K d /2 is the Mackdonald function and k = \k\. It is clear from ( |2.24j ) that dohl(e, k) = 
0(e). By using eqs. fl2.18Q and (|2.19|) one can see that 8odjhl(e,k) = 0(e) and, therefore, 
8 h{(e,k) = O(e). 

Thus, coming back to eq.( |2.15|) , in the limit e — > we are left with the following transfor- 
mation law induced on the boundary 



5h\(x) = Z k 8 k h{ + h k 8^ k + h{d£ k - 2(A k x k + D)h{, 



(2.25) 



where £ l = £, l (e, x). This transformation law shows, in particular, that under dilatations the 
boundary graviton transforms with scaling dimension zero as required by the AdS / CFT corre- 
spondence since it couples with the stress-energy tensor whose scaling dimension is d. 

As a byproduct of our consideration we can easily derive the two-point Green function for 
the stress-energy tensor in the boundary CFT. Quadratic part of action ( |2.12j ) computed on 
the solution of equations of motion reduces to the following form 



S( 7/ ) = i J cfW~ d (hidotij - hd h) 



(2.26) 
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where we have omitted all irrelevant local terms. Using eqs.fl2.2lj) it is easy to show that 



and, therefore, 



hidoh) - hd h = h\dM - -^-h ± nh ± , 
J J a — 1 



S(") = 1 J d d xe x - d h\d^h), (2.27) 



where again the local term was omitted. Since h\ satisfies the massless scalar field equation 
on the AdS background eq. (|2.27|) leads to the expected two-point Green function of the stress- 



energy tensor. Note that our computation of the Green function essentially differs from the one 
in H . In particular, we do not impose the requirement of vanishing the trace of the graviton. In 
H h was put equal to zero by arguing that otherwise it blows up at infinity. However, eq. fl2.21p 



is the first order equation and, therefore, one can not require any condition at infinity. Moreover, 
the AdS/CFT correspondence implies the decoupling of h on the boundary since, otherwise, 
the trace of the stress-energy tensor would not be equal to zero. The fact of decoupling of h 
should be checked explicitly. In our computation scheme the contribution of h results only in 
a local boundary term. In principle, this contribution can be cancelled by choosing in (|2.12j ) a 
proper function /. 

Another representative example demonstrating the relation between the transformation law 
in the bulk and the conformal properties of the boundary data is provided by a massive scalar 
(f) on AdSd+i background. The equation of motion for (p 

1 — d TTI^ 

dU + -d Q <P + (□ - ^)<j> = (2.28) 



2 

Xq Xq 



has a Fourier mode solution 



K u (ek) 



that equals to 4>o(k) on the boundary. Under the AdS isometries ( 2.14 ) the scalar <p transforms 

as 

50(x o , x) = ed a <f> = €d i( j) + edo<P (2.30) 

and, therefore, the transformation properties of the boundary value 0o are determined by 
\im XQ ^ e £°<9 O 0. Computing the derivative of (j) in the bulk direction one finds d (p(e, x) = (d/2 — 
v)e~ 1 (po(x) + 0(1) and, therefore, 

5M%) = C(x)dMx) + [i~ u ) ( Akxk + D )Mx), (2.31) 

where £, l (x) = £ l (e,x) Thus, at the boundary couples with the operator of conformal dimen- 
sion A = <i/2 + z/asit should be. 

These examples show that the conformal properties of boundary data are not completely 
determined by the transformation law of the corresponding bulk fields but depend essentially 
on the explicit form of the interaction in the bulk. One could imagine such an exotic interaction 
that would lead to a nonlinear or nonlocal realization of the conformal group on the boundary. 
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3 Fermions on the AdS background 



We start with the action for the free massive Dirac fermion on the AdS background 

S^a) = J m d d+1 xV^G i^VD^ - ^D^V^ - mWj , (3-32) 

where a + (3 = 2. Note that actions with different a and (3 differ only by a total derivative. In 
the sequel we denote by //, u, ... and by a, b, .. the world and the tangent indices respectively, 
T M = e^7 a and 7 a are the Dirac matrices of d + 1 dimensional Minkowski space: ^alb + Ibla = 
21]^. Here the conjugated fermion is defined as ip = ip*^ 1 since x 1 is the time direction of the 
boundary field theory. 

Introduce the left and right chiral components of ip: ip± = |(1 ± 70)^ an d define ip± = 
(V>±)V- Note that ^±7° = T*P±- 

Action ( |3.32| ) is already written in the first-order formalism. Therefore, either ip_ or ip + plays 
the role of the coordinate. In order to understand what component of ip should be regarded as 
the coordinate we discuss the transformation properties of ip at the boundary under isometries 
of the AdS background. 

Recall that under the coordinate transformation generated by £ M the veilbein transforms 
as follows 



K = + V m^, (3.33) 

where V p is a covariant derivative with respect to the background metric G pu . If £ M is a 
Killing vector of G^, then V m £a = V^a]- In addition to (|3.33|) one also has the local Lorentz 
symmetry 5e^ = A^(x)e b 1 . Thus, the general symmetry transformation is 

K = i P V P el + V M £'e« + A^. (3.34) 

However, in a fixed background we are left with the transformations that preserve e^: = 0. 
This condition can be attained by choosing the following matrix A: 

A ab = ^uf + V [ ^ u] e a ^, (3.35) 

where uj ab is a spin connection. For the AdS background we choose e[j = e l Q = e® = and 
e\ = j^8l and, therefore, = 0, cj° 1 = Computing (|3.35|) , one finds A° l = d £ l and 

A ij = rjklifypl. 

A spinor ip on the AdS background transforms under isometries just as a scalar. However, 
if we combine isometries with the local Lorentz transformations generated by A ab ( |3.35| ), the 
transformation law for ip modifies as follows 

Sip = - \A ab lab ij. 

With the account of the explicit form of A ab the last formula acquires the form 

54> = ?d<i(> + i Q d^ - \d Q Cl^ - \v k[ %¥hiA (3.36) 
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Projecting ( |3.36| ) on ip T , one gets 

As was shown in [[5], [nj a solution of the Dirac equation vanishing at infinity has the form 

In addition one has the following relation between ?/> + and 

Yk { K m _i(kx ) 

ip+(x , k) = -i——— — 2 , if>-(x , k). (3.38) 

For the sake of clarity we restrict the subsequent consideration to the case m > 0. Then in 
the limit e — > from ( |3.38| ) one has if>+(x) = eYdiip-(x) + 0(e), while ( |3.37| ) allows one to 
determine the boundary value of d i/;±: 

doMe, *) = \ - m ± ~j V±(5) + 0(1), (3.39) 

Thus, the transformations of ^± induced on boundary acquire the form 
6iP4e, x) = e<9^_ + w(A k x k + D)4>_ - y 7 V'A9^- - ^0*^7^- + 0(e), 
SMe, x) = ?d*J>+ + (w + l)(A k x k + D)^ + - Ilyy^a^-f - -^^7^+ + 0(e), 

where w — | — m. Therefore, on the boundary ■?/>_ and ^ + transform in completely different 
ways. In particular, in the limit e — > we recover for ip_ the standard transformation rule for 
fermion with the Weyl weight w under the conformal mappings: 

8^{x) = Cd^- + w(A k x k + D)^ - 

while ip+(x) realizes a nonlocal representation of the conformal group. Since in CFT quasi- 
primary operators 0(x) transform in local representations of the conformal group only ^_ can 
be coupled on the boundary with a primary operator of the conformal weight A = | + m. 
Thus, the transformation properties of tp± imply that in the case m > we should treat ip- 
and ip + (analogously for ip_ and ip + ) as the canonically conjugate coordinate and momentum 
respectively. 

As was discussed in the Introduction in the Hamiltonian version of the AdS/CFT corre- 
spondence one should use an action of the form j(pq — H(p,q)). Action rewritten in such 
a form looks as 

S^a) = f d d+1 xV^\-x (^ + d ^^ + d^ + ) + ^rD^-^D^r^-m^ 

JM \ 11 

+ ^(cnM+ + PM-)) + I f d d+1 xd (V^Gx (a^ + + /^M>-))- (3-40) 

Z Z JM 
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In passing to the Hamiltonian formulation the total derivative term in fl3.40| ) should be omitted. 
Taking into account that 

we finally obtain the action that should be used in computing the Green functions: 

= f d d+1 xV^G (-£o(<MoV_ + d ^-^+) + tir'Diip - + • (3.41) 



Note that this action does not depend on a and /3 as one could expect from the very beginning. 

In the Lagrangian picture the total derivative term can be compensated by adding to action 
(|3.32|) the following boundary term 



I* = -/ + (3-42) 

2 JdM 

For the free theory under consideration the on-shell value of the boundary term is equal to 

h = \ l AV=I#. (3.43) 

2 JdM 

It can be seen as follows. Since S^, does not depend on a one gets 

= Sipipt) + \ I d d x^f-§(ai)^ + + = S^(l) + \ [ d d x^f-§^il). 

2 JdM 2 JdM 

Now taking into account that on shell S^{a) = for any a one obtains the desired equality. 
The equality of (|3.42|) and ( |3.43|) seems to hold in the case of an interacting theory as well. 

In H (see also ||10|| ) the boundary term fl3.43j ) with arbitrary numerical coefficient was 
suggested as the necessary addition to the Dirac action ( |3.32| ) to produce the conformally 
invariant two-point function of the fermion fields in the boundary CFT. It comes from our 
analysis that the Hamiltonian version of the AdS/CFT correspondence not only reproduces 
this boundary term but predicts its numerical coefficient. 

It remains to note that when m < the chiral components if>± change places, i.e. ip+ 
becomes a coordinate while ip- should be treated as the conjugate momentum. The boundary 
term will be given by the same expression (|3.43|) but with the opposite sign. In the case m = 



either ip + or ip_ can be chosen as the coordinate and the sign of the boundary term depends 
only on this choice. 

Thus, we have shown that using the Hamiltonian version of the AdS/CFT correspondence 
we can find all boundary terms necessary in the Lagrangian formulation. Our consideration 
can be easily extended to a supergravity model containing tensor fields in its spectrum. In 
particular, an interesting problem is to find all boundary terms for type II B supergravity on 



the AdS^ x 5*5 background. To this end one can use the covariant action found in [16|, [17 . 
The solution of this problem would be the first step in establishing the conformal invariance of 
higher-point Green functions computed from the AdS supergravity. 
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